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Motivation and Approach 2

@ general problem: fx (x) 2——% y=y&), fx (y)

_ nonlinear
n uncertain i ncertain
x € R mapping ~ uncertal

input output

® engineers main interests related to fy (y):

— expectation, e.g. iy = E[Y]
~ scatter, e.g. c% =E {(X — MX)Q}
— probability, e.g. P/ = P[h(X) < 0]

s o

@ robust approach: Monte Carlo Simulation
(based on LHC, oLHC, DS)

Rolls-Royce proprietary information Flassig, Swoboda, Backhaus, RRD DSE, 5. DPW 2012



Motivation and Approach 3

-

Sigma-P oint M ethod!

blade-to-blade 2D-CFD
via MISES S2 , _
ag’ e

Outline

@ |Introduction to SPM
@ Performance assessment
@ How to use SPM for RDO?

@ Robust aerodynamic compressor blade design

® General industrial applicability
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Introduction to SP Method 7|

@ based on Gaussian Quadrature

O9N:
“...With a fixed number of parameters [Sigma Points], it Y
should be easier to approximate a Gaussian distribution y(O)_ ______
than it is to approximate an arbitrary nonlinear function...”™ 2)
yt2)-

— use (2n + 1) Sigma-Points: .
x@ = E[fx (x)] x@ =x© £¢ ( /—gx) £(2) (0) (1) T

*[Julier and Uhlmann, 1996/2004]

— direct propagation: y(i) =y (X(i))
— approximate expectation and covariance:
2n . )
~ (1) (2)
Elfy 0]~y _ vy
2n

Syl ) ~Y " w® (v By 3)]) (v - Blfy 3)])

1=0
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Introduction to SP Method

@ features
— direct propagation of uncertainties through a nonlinear/

non-monotonic system

— deterministic, gradient free, simple implementation
— accounts for curvature

-

speed-up of SPM compared
to N MCS runs 1 e6A

1le?

T 40 80
uncertain design space dimension n
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Performance assessment 6

@ procedure to compare SPM with MCS

— define test problem and input variability, e.g.
f (p) = sin (p1) + cos (p2) where p € R? .

—r <p<mand Ap ~ N (0,X)

— generate full factorial design of
experiment with e.g. Npor = N]%ac = 100

— evaluate mean values and variances at
each experiment, i.e.:

(4,9) _(%,5)

pnep ,ogn’  estimates by SPMwiNgp = 9 pg’j)
u%s ,0](\%3 s estimates by MCS WiNy ¢ /orHC

i) ~(ir] _ (i.5) D1
plt3)  o(63) wayact values by LHC wittV = 107 P1

— absolute compute errors: P D) D (6d)
P - CSP <SP »SMCS<MCS
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Performance assessment — SPM vs. LHC !
f(p) =sin(p1) +cos(ps) wherepeR?® and —7<p<m

Variability Ap ~ N (0, )

) | | | | il | | | | O SP
H = w=m m=m | m_ B = = mLHC

0.0082 0.0247 0.0411 0.0576 0.0741 e* 0.0038 0.0112 0.0187 0.0262 0.0337 el
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Performance assessment — SPM vs. LHC 8
f(p) =sin(p1) + cos(p2) wherep € R? and —7n<p<m

Variability Ap ~ N (0, )

oN — 107

:NSP:5

IONLge = 10°

o)
0.02 6(SP (p)
0.015

0.01
0.005

H H
1 SP
mLHC
N - ] — = = =
0.1321 0.3963 0.6605 0.9247 1.189 45(“) 0.0022  0.0067 00111  0.0155 0.02 (@)
x10
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Performance assessment — SPM vs. LHC X
f(p) =sin(p1) +cos(ps) wherepeR?® and —7<p<m

Variability Ap ~ N (0, )

oN — 107

|ONgp =5

IONr o = 10°

3.14 +P1 3.14 P
% (p) 00 5% (@)
0.015
P2 0.01
0.005
H
1 SP
mLHC
[ ] =) = — g = =
0.2942 0.8815 1.4687 2.056 2.6433 65(“) 0.0022  0.0067 00111  0.0155 0.02 (@)
x10
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Performance assessment — SPM vs. oLHC
f(p) =sin(p1) +cos(ps) wherepeR?® and —7<p<m

Variability Ap ~ N (0, )

oN — 107

|ONgp = 5

B o

|ON, Lo = 5

0.6 0
etic (p)

(p) ey (p)

H ' ' ' ' H ' ' ' '
1SP
molHC
[] ] ] — m | = . -
0.1767 0.2945 04123 0.5301 €

0.1369 0.2281 0.3194 04107 & 0.0589

0.0456

Flassig, Swoboda, Backhaus, RRD DSE, 5. DPW 2012

Rolls-Royce proprietary information



Performance assessment — SPM vs. oLHC 11
f(p) =sin(p1) + cos(p2) wherep € R? and —7n<p<m

Variability Ap ~ N (0, )

oN — 107

:NSP:5

|ONy e = 10

06 =~ 0 06  Ap
(o) ()
: 0.02 ELHC (p) - ] 0.02 6SP (p)
¥ 0.015 0015
O o0 B | (001
0.005 0.005
P1 P1
H H T T T T T S
MoLHC
[ ] [] [ ] o . e T e ()
02197  0.659  1.0983  1.5376  1.9769 e 0.0022 00067 00111 00155  0.02 el

x10
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Performance assessment — SPM vs. LHC 12
Problem : RCOS test function

Variability Ap ~ N (0, )

" o N — 107
. |ONgp =5
ONppec =5
-5
20 -3 AI)1
EE LY 002 <5 (®)
10 0.015
P2 P2 0.01
0.005
P1 P1
H H
1 SP
mLHC
0.0014 0.0042 0.007 0.0099 00127 &W 0.0021 00064 00107 00149 00192 (@)
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Performance assessment — SPM vs. LHC 13
Problem : RCOS test function

Variability Ap ~ N (0, )

20
P2
-5
-5 a3 P1 20 -3
x10 x10
eic (p) e (p)
3 3
2 P2 2 P2
1 1
P1 P1
H
0.384 1.152 1.92 2.688 3456 35(”) 0.0014 0.0042 0.0071 0.0099 0.0127 (@)
x10
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Performance assessment — SPM vs. oLHC
Problem : RCOS test function
Variability Ap ~ N (0, )

" oN = 107
X —
P2 |ENgp =5
ONorHC =9
=5
-5 P1 Apl
0.04 <1l (p) 004 5 (@)
0.03 0:03
0.02 P2 0.02
10.01 0.01

P1

ISP
molLHC

- H
0.0233 0.0326 0.0419 @)

0.0041 0.0123 0.0205 0.0287 0.0369 ¢ 0.0047 0.014
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Performance assessment — SPM vs. oLHC
Problem : RCOS test function
Variability Ap ~ N (0, )

15

20
P2
-5 ;
-5 3 P1 20 -3 -3 0.9 0
x10 x10 0 (o
e () <% (0) EREHIAL
3 3 10
2 P2 2 P2 2
1 1 421
P1 P1
H
0.3835 1.1504 1.9174 2.6844 3.4513 36(”) 0.0014 0.0042 0.0071 0.0099 0.0127 (@)
x10
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How to use SPM for RDQO? 16

@ design problem based on Branin’s rcos test function

) _
y(p) = — [(pz — (5.1/47%) p? — 6)" + 10 (1 + (8~)) cospicospa + log (p? + p3 + 1) + 10]

@ input uncertainty: Ap ~ N (0,3)

= ]l

® robust design problem: min [
—5<p<20

-

@ adjusted coefficient of determination
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How to use SPM for RDQO? 17

@ influence of quality indicator constraint on feasible design space and results

— Assumption: if transfer function is mostly linear around
mean value, SPM will estimate exact results.

= o

— Do linear regression and compute adjusted coefficient of determination.
— The higher COD the more accurate are SPM results.

ST faeb) = b+ S bipy — R

adj Zoom
po |

— extended RDO: %;.
min [ Hy (p) } where |
peP | oy (P)
P—{peR’|-5<p<20,R%, (p)>R%,} | &

e
Rg(m —0.80 R? =0.90

con
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How to use SPM for RDO? 18
. 0.077 nitial size
— results of two different I T
AMGA optimisation runs & 008 A o Tt 00
@ Pareto size limit 60
0.05¢
0.04} \ 5
— validation of non-dominated PSR N Rz, =0.90
designs using LHC with N = 107 P R2 =097
o.oz-é con
— comparison by computation linear 0.01] |
correlation coefficients between oL = min \ KN
SPM and LHC values 01 ~0-05 s
d o~ v . e
- o = 4 L q
N 9/ o
o ¥ o "y
P L T ot il O s g O_”“‘ _‘”’2 nes
pp =099 p% =10 Pl =099 p% =10
o __
pls =0.98 p%=10.98 ple =099 pg=0.99

eRDO enables excellent results w.r.t. order of desig  ns in criterion space!
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Robust aerodynamic compressor blade design

@ aerodynamic 2D robust design problem:
nominal design improvement fa (w)

design  section 2D CFD
vector e

2(p) loss w

p
1 ( |
~o (p) T E [(Q - M)Q}
random
perturbation AP P/ (p)! Pllai? —ag |> €]
- 1o (P) | meanloss |* fa. (ap)

gIGIgl oq (p) | robust Ag (p) /!
Pl (p) | reliable =

} P) _
—> D -
exit flow angle ag
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Robust aerodynamic compressor blade design 20

@ guantification of manufacturing uncertainties

— surface measurements of 147
manufactured blades by TU Dresden

-

— surface parametric model according to Lange u.a. (2009)

T
d = {Cd cq fU) xg e T py Ty xq; T $d,E} c R

-

AD ~ N(O, 2) 2 c RlOXlO
@ design vector p € R differs from the uncertain vectord € R

@ test of SP method by performing DoE in P
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Robust aerodynamic compressor blade design 21

@ DoE results: SPM vs. LHC of equal size, N=21
@ compute error values based on LHC with N=200

r Bk
LHC LHC

SPM SPM

0.1453 04583 0.7714 1.0844 1.3975 -1.1967 -0.9243 -0.6519 -0.3795 -0.1071
po— val [ o _ ~val [ ]
el = pl" — gy, (% e? = ol — o, %
loss

exit flow angle

00169 0935 09532 09713 0.9895 de_
adaj
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General industrial applicability 22

@ Does prediction capability of a RSM increases due to deterministic
property of SPM? —Cross Validation loss RBF Models

Yes it does!

[ —

[ —

pV = 0.57

@ |s it possible to also model arbitrary variability?

ptHC =026  p°PM = (.57

— SPM & mixture of Gaussians in conjunction with 7
cluster and expectation maximisation algorithm
— prediction accuracy increases due to more points

— transformation into Gaussian space
by e.g. Cholesky Decomposition or
Rosenblatt transformation

Yes itis!
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Conclusions 23

@ compared to MCS the SPM provides same accuracy with less
effort or better accuracy with some effort

@ adjusted coefficient of determination can be used as quality indicator

® application of extended RDO to analytical test function using SPM provides
excellent results from industrial point of view

Outlook

@ application to robust design optimisation of compressor blades
@ detailed analysis of SPM in the presence of non Gaussian input variability

References

Julier, S. ; Uhlmann, J.K.: A General Method for Approximation of Nonlinear Transformation of Probability Distributions. Technical Report, University of Oxford,
Robotics Research Group, Department of Engineering Science, 1996.

Hendeby, G. ; Gustafsson, F.: On Nonlinear Transformations of Stochastic Variables and its Application to Nonlinear Filtering. Technical Report LITH-ISY-R-
2828, Linkdpings Universitet, Department of Electrical Engineering, 2007.

Padulo, M. ; Campobasso, M.S. ; Guenov, M.D.: Novel Uncertainty Propagation Method for Robust Aerodynamic Design. AIAA Journal 49 (2011), 530-543.

Rossner, N. ; Heine, Th. ; King, R.: Quality-by-Design Using a Gaussian Mixture Density Approximation of Biological Uncertainties. In: Proceedings of the 11t
International Symposium on Computer Applications in Biotechnology, Leuven, 2010.

Lange, A., Vogeler, K., Gimmer, V., Schrapp, H. ; Clemen, C.: Introduction of a Parameter Based Compressor Blade Model for Considering Measured
Geometry Uncertainties in Numerical Simulation. In: Proceedings of ASME Turbo Expo, GT2009-59937, Orlando, 2009.

Bestle, D. ; Flassig, P.M. ; Dutta, A.K.: Robust Design of Compressor Blades in the Presence of Manufacturing Noise. In: Proceedings of 9t European
Conference on Turbomachinery (ETC), Fluid Dynamics and Thermodynamics, Istanbul, 2011.

Bestle, D. ; Flassig, P.M.: Optimal Aerodynamic Compressor Blade Design Considering Manufacturing Noise. In: Association for Structural and Multidisciplinary
Optimization in the UK (ASMO-UK), London, 2010.

Rolls-Royce proprietary information Flassig, Swoboda, Backhaus, RRD DSE, 5. DPW 2012



24

Comparison SP vs. optimal-LHC
f(p)= (pz — (51 / (40 X 7T2)) xp? + (5/7) *p1 — 6)2 where p ¢ R?

+ 10 * (1 —(1/(8%m))) * cos(p1) + 10 and —95 <p; <10

~ Variability : Ap; ~ N (0,3%4) and —0<py <15
15 — . L o

|N=1-10"
P2 i
| Nsp =5

| O

J Norgc = 1-10°

AP (o)
04 csp (P)

el (p)
0.15 o
0.1 02
110.05 0.1
P1
H
1SP
o molHC
0.0191 0.0572 0.0954 0.1336 0.1717 g1 0.0421 0.1261 0.2101 0.2941 0.3781 @)
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